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EXERCISE — V

Sol.1

Sol.2

4 + 50)334+ 30)365
=4 + 5@ + 302
=1+3+30+30?+ 20

=1+20

=1+ (1+iy3) =13

(b) |z]> =22
ZPo—-|oPfz=2-0

= z(1+]oP) = ol + 2P

z _WlzP z_(Zj_i

o)_1+|c0|2_ ea jm_ o)
Zo = Zo (1)
z2(zo-1)-w(pz-1)=0

zo-1)(@z-w)=0 by Equation (1)

Z=o orzg =1

i2n
(i) a=e?
or a’=1=00r (a—1)(8+c+..
= l1l+oa+a+..+05=0
Also 1+ ok + aZk+ ... + afK

=S a'ze?m=1, =1
+1)=0

1-1
K K =0wherek=7m
1-a 1-a

1-ak ~

20

k

) =Ag + D AKX
k=1

Replace x by x, ax, ax ...
add then

08x is the above and

k
LH.S. = (Aj+A, + ...) +Z‘,AxX (L+0k + a2k .+ ab)
k=1

=7A,+0

=T7A,

Which is indepoendent of a.

(i) Letroots a +iB, o —iB, y

ot+tip+ta—-iBp+y=0
200+y=0
y=-20

again (—20)% + q(-20) +r=0
(20)% + q(2a)—r=0
X2+ gx—r=0

Sol.3

Sol.4

HINTS & SOLUTIONS

(@ Izl =zl =zl = 1
_ 1 1 B 1
21Tz 0 %27 7, 0 BT g
1 1 1

—+—+— =

Zy Zp Z3

|y + 2, + Z3|=1

|El+22+23|:l = |Zl+22+z3|:l
(b) arg(z2) <0
= z=X-ly
arg (-z)—arg (z)
n—0—(-0)
=g+0+0=nx

—Z=-X+1iy

Z = cos 2 +isin —
- 2n+1 2n+1
Clearly z2"1 = cos 2n +isin 2n =1 (i)
_A-@) | 2ol
To1-722 T 1-22 T z+1
_2n-@)M _ z-1 -1
b= 1-z2 T 1-72 z+1
_Zn-@) _22-) | 2
b= 1-z2 7 1-22 T 1+z
z+1
a+p=—|57]=-1=5
B z 1
ol = =
(z+)? .1,
z

2
Where 6 = T ..(2)

Z=c0s0 +isind
2n+1

1 1
and;:cose—isine z+;:2cose

B = 1 B 1 -p
2c080+2 4,020
2
. . 1
Equation will be z2 + z + — 5. =0
2 27
4cos
2n+1
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Sol.5

Sol.6

712-56286-512=0
Letz6 =1t
t2-56t-512=0
(t—64) (t+8)=0
z= (64)1/8, (_8)1/6

z= 2(1)1/6, \/E (_ 1)1/6

z = 2 [cos0 + i sin0]Y/6

2mn . . 2mz
=92 | cos——+isin—
e o
Wherem=0,1,2,3,4,5
Img. part corresponding to m = 4, 5 will be — ve.
Hence we choose m=0, 1,2, 3 only.

Againz = [ (- 1)Y6 = /5 [cosn + i sinm]'/6

@2m+1 . .
=2 cosTanm

Ing. part corresponding to m = 3, 4, 5 will be —ve.
Hence we choose m =0, 1, 2 only.

(2m + 1)71

@) Taking mod of both side of given eqaution
lza-2z3] 1 3 Glza)
- - ==+ —=1
lzo-2z3] ~ 4 4
AC=BC
Hence A is siosceles AZ) B(z)
TC.
Z1—-23 T T -
Also =cos — —isin—=¢€ 3
Zp 173 3 '%N3
5
or z,-23=(z, -2 e3

Anticlockwise rotation implies Z/ABD = 60°
Hence isosceles O is equilateral.
(b) z = (1)V" = (cos0° + i sinQ°)L/n

T, . 2mx
= Cos +IS|nT

i2mrt

z=¢e " wherem=0,1,2..n-1

i2mTE

Letz,=landz,=¢€ "

LT
Whre z, -0 = (z, - 0) e|2

2k

LT
en =1.e 2 = n=4k

Sol.7

Sol.8

(@) Since 1+ o+ w?=0, the given determinant

1 1 1 3 0 O
_ 1 o o _ 1 o o
1 o o 1 0° o

by change R, > R; +R, + R,

0) iz, =5l <|z,—3-4i

= ||z, -9]<5 = |z,/]<10

Aliter : |z,| maximum = 10
|2, —2Z,| < z4] = |2,

%

<12-10
|z, —2,| <2
(©) ZPf—zP 74+ 1=0

(zP-1)(z%-1)=0
Either o is a pt" root of unity of g roots of unity
using the prop. of n' root of unity
either 1+a+a2+..+aP1=0
l+a+a?2+..+a21=0
If both the equation hold simultaneously, wiothout
loss of generalisation letp > r
“l+a+al+ . +aP =0
S>l+at+a?+..+om T +od+ a0+ +aP =0
=>0+a9+ a0+ . +0P1=0
Now, a9=1
=>1l+a+02+..+oP91=0
Hence a should be the (p — q)™ root of unity
ie. aP1=1

= p-—qisamultiple ofq (-~ qis prine)
i,e. p—q=n4
p=(n+1)4

= pis not prine which is a controdiction H.P.

@) |z, <1<z,
1- 2122
TPT [,

1-2z,7,|<lz,-27)|

(1-2,23) 1- 232)) < (2, - 2)(Z3 — 73)

1+ |21|2 |22|2 - |22|2 - |21|2 - |21|2 <0

L - 1z + (I1z,2 = 1) [z, < 0

1L-lzP) (1 -1z,P) <0

Which is true because |z,| <1 <|z,| H.P.

(b) 1=za 7| <Zla Z|

= 1<|a; z| +|a,z?| + |azZ%| + ...+ [a,,2"|
<2(lz| + [zl + |z + ... |2]")

3
L+ fe] + [P+ |2 + o+ 2>
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Sol.9

Case - |
|z <1

3
= 1+|Z|+|Z|2+...oo>5

_1

z| ~
Case -l

|z] > 1

3 iz > 1
=2 = =
2 3

1
Obviously |z]| < 3 is not possible

n

1 i

Hence |z| < 3 and Zaiz =1 can not occur
i=1

simultaneously for any a;, || <2

@) L+ o)M= (1+ohm

L+ )™= (1+ )"

(~o)™=(-»?) = m=3possible
(b)

K P 1
& & L 4 ® a
o of + o B af —a

k+1 k-1

Centre is the mid-point of points duciding join of
o and B is the ratio k : 1 intarnally & enternally

1 [kot+o kB-a] -k
2 La+l  k-1]7 1 g2

i.e. zZ=

|(x—0(2[3_k[3+0c| :|k(oc—B)|
| 1-k2 1+ka| | 1_Kk2 |

radius =

Z—Q
Z_
2 - af? = K2 Jz - BP

@-o)(Z - T) =K @=P) (Z =)

z7 -0z -az+aa =k¥(@zzZ -BzZ - Bz+BP)

_ [a-K®B)_ [a-K*B
227 14k2 )27 1-k2 )F

Which represent a circle with

Aliter : =k

oo — kZBE 3
1-k?

2
1-k?

centre and radius

_ [(@-K*B)@-Kk*B) aa—k*BB _|k(a—B)|
- (1-k2)2 @-k2) | 1-k2 |

Sol.10

Sol.11

Sol.12

(@) The point (1, 0), (/2 —1,-,/2) and

({2 -1, /2 ) are equidistant from the point (-1, 0)

The shaded area belongs to the region outside
the sector of circle |z + 1| = 2, lying between the
line rays

arg(z+1):§andarg(z+1):—%

2
(b) |a + b + cos?| = \/[a——zj +>(c-b)?

- \/%((a—b)z +(b-c)? +c(c-a)?)

This is minimumwhen a=b and (b —c)2 = (b—c)?
=(c—-a)2=1 = minimum value =1

(c) Since centre of circlei.e. (1, 0)
is also the mid point of diagonals of square

Z1+2Z5

=z

2 0 2,(2.43)
= z,=- ,[3i i

Z,
23 -1 iig %
= 1,0

and Ty =e \ o 73 X
= other vertices are -

and (1 + ,/3)—i

o=a+ip

— Z .
is purely real

= =27% @7 -1) (5 -0)=0

1-z 1-z
=2Z=1= |zf=1= |z7]=1

@ Let OA = 3, so that the complex

number associated with A is 3ei™4

y
4

NG
x
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Sol.13

If z is te complex number associated with P,

z-3e™4 . —4i
then W = 3 e im/2 = 3
= 3z — 9ei”4 = 12 jeiv/
z = (3 + 4i) 4

(b) zZl=1;z=%1
Letz=cos 0 +isind

72 = c0s20 — sin20 + 2isin® coso
=C0s 20 +isin 20

z cos+isin® _ el
1-7z2 ~ 1-(cos20+isin20) ~ 1_ 20

1 T
e®_e® T 2sing ~ 2sinod

z lies on imaging axis

z
Aliter : E = = — =
1_ 22 2

Which is imaging

@ z,=(1+2i)

X=X1 _¥Y=Y1 _
cos 450 ~ sin45° V2

X=x,=1, y-y; =1
x=7,y=6 P(7,6)
Y

Now Rotate P by an angle of >

z,=i(7+6i))=—6+7i
(b) A = Set of points on and above theline
y =1is the argand plane

B = set of points on the circle (x—2)2 + (y—12=9

C =Re((1-i)z) = Re(1 —i) (x +iy) = 2

x+y= 2

(i) Hence (A n B n C) = has only one point of
intersection

(i) The points (-1, 1) and (5, 1) ar the extrmities
of a diameter of the given circle
Hence |z+ 1|-i2+|z—5—-i|=36

(iiN) Iz = loqll < |z - o]
and |z — o| = Distance between z and ®

zis fixed. Hence distance between z and o would

Sol.14

Sol.15

Sol.16

Sol.17

Z7z3+27° =350

27 (7% +29) =350
Putz=x+iy

(% +y?) (x* —y?) = 175
(X +y?) (x> -y?) =557

x2 +y2 =25
x2—y2:7
X=124,y=%3
X, yel

Area = 8 x 6 = 48 sq. units

Z=Cc0s0O +isin 6

X=sinO+sinO+..+sin 296

(2sinB) x=1-cos 20 + cos 20 — cos 20 + ...
+ cos 280 — cos 300

_1-cos300 _ 1

~ 2sin®  4sin2°
B
ad+p?=q

= (a+p)°*~3ap (o +p)=4

= =P F3pap=q=op= T

B B -

(0248
of

(o +PB)? — 20
Xc — (XB +1:0

pz_Z[DBHJJ
X2— —~ 7 x+1=0

3P

= (P3+0q) x2— (3p®-2p3-2q)x+ (p3+q) =0
= PE3+g)x2—(p2-2q)x (p>+q) =0

r.rr31{1,2,3, 4,5, 6}
r,, I, ry are of the form 3k, 3k +1, 3k + 2

L2 o2 2
Reqd. probability = S>_€1” €17 €

6x6x6
be maximum for diametrically apposite point
> z-0|<6 = -6<|z]-|0|<6 _6x8 2
—3<|z]l+0| +3<9 T 216 9
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Sol.18

Sol.19

Sol.20

Givenz=(1-1)z +1tz,

P(2)
® ® ' ]
A(z,) B(z.)
Z—Zl Z—Zl
Z, -2, =t = arg (22 _ZJ: 0..(1)

= arg(z-z))=arg(z,-z,)

Z—Zl E— 1
2-20 T Z-7g
Z—Zl 2—21

2,-21 Z-73

AP+PB=AB = [z-2z|+|z-2)| =1z, -2

o = ei2n/3

z+1 o) g
© Z+od 1|=0
w? 1 Z+o
1 ) w°

zZll z+0? 1 (=0
1 1 Z+ o

z2[z+ D) (z+0)-1-oz+o0+1)
+0¥(l-2-0?)]=0

= 22=0

z =0 is only solution

2 A
(®) 1zl 1= 2] =z#0
Z . .
m is unimodular complex number

and lies on 1" bisector of i and — i

z
= m +*1=2z=%|z| = zis real number
Img (z)=0

(b) |z+4|+|z-4]=10
z lie son an ellipse whoe focus are (4, 0)

and (-4, 0) and length of major axis is 10.

= 2ae=8=0and2a=10

o 4
> e=—
5

|Re(z)| <5

Sol.21

Sol.22

Sol.23

(€) |o|=2= ®=2(cos 6 +ising)

1
x+iy:2(cose+isin6)—5 (cos q—isin 0)

—§c036+i§sine
2 2

(d)|Jw|=1=>x+iy=cos0+isind+cosO—isind
X + iy = 2cos 0

IRe(z)| <1 Im(z) =0
D
Given
a+8b+7c=0 ... 0]
9a+2b+3c=0 ... (ii)
7@+b+c)=0 ....(ii)

On solvinga=-k/7, b=-6k/7,c=k
Putin the given plane k=-7
So7a+b+c=6

A
a=2= —-kl7T=2 = k=-14
b=+12
c=-14
o 3ol 3
ut in PO
B
b=6=>K=-7
a=1lc=-7
0 n Ee) n
s-3(Laf e
n=0 a B n=0 O(B
i[gj”_7 a+Bp=-b/a
T =\7 a.p=c/a
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Sol.24
4 ©

(3,2)

I's;2
(31_5/2)

21z-(3-5/2i)| =0005

2 56
Letl= n3 I sec (nx) dx
7/6

put ix =t = mdx=dt

5n/6

_ s

| n3 Isectdt
7n/6

5n/6

T
=173 {In(sect+tant)}7n/6

==
_ i
Sol.25 A O z=e
Value of the determinant Arg _|Ar g 1
=1-w(a+c)-ace? = —elf
total matrices = 2
- |Arg +l i cot — 0
2 2 2
Sol.26. | |2 +ly |2 +lz |2 on putting the value of maximum value of 6 2
. = T
lalP +Ib P +]cf
X, ¥, z directly everything is getting cancelled out  Sol28. _
(A) z=¢"
Sol.27 - ( iz J 1
. . a.b 1 fo = "®1-22) T sine
® st 15 T2 7073
» 8.3%
but the interior angle must be B) f(x) = sin —9 _ (3" )2
n—7/3 = 2n/3
® , 8.3% .
@ | (f)-3xdx=a>-b sy st Letdst
3.t
b o -1< 5 2 <1
= J. fx)dx -——| =a"-b on solving x e (—o, 0] U [2, «)
a ©)  f(0)=2sec’o
b 307 - 22) b2 — ) (o) f'(x): X" (5x=10)20, v xx2
:>.[ f(x)dx=22 "9/ _p? gh="2 </
2 2 X € [2, )
5 Sol.29 D
F(x) = F(b)-F(a) = F(x)= — Im@z)#0 a=z2+z+1
2 z=a+ip B=0
differentiating w.r.t x we get f(x) = x a=o?—P%+2iaB+a+ip+1

=o2-B2+a+1 +ipa+1)

£)-2
= f 6 —'g

o=-1/2=3/4—p2
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